Abstract. A graph is distance-hereditary if and only if each cycle on five or more vertices has at least two crossing chords. We present linear time algorithms for the minimum r-dominating clique and maximum strict r-packing set problems on distance-hereditary graphs. Some related problems such as diameter, radius, central vertex, r-dominating by cliques and r-dominant clique are investigated too.
Introduction

A subset D C V is a dominating set in graph G = (V, E) iff for all vertices v E V \ D there is a vertex u E D with uv E E. It is a dominating clique in G iff D is a dominating set in G and a clique (i.e. for all u, v E D uv E E).
There are many papers investigating the problem of finding minimum dominating sets in graphs with (and without) additional requirements to the dominating sets. The problems are in general NP-complete. For more special graphs the situation is sometimes better (for a bibliography on domination cf. [12] , for a recent survey on special graph classes cf. [4] ).
Opposite to dominating set for a given ~ graph G a dominating clique does not necessarily exist. As was shown in [6] the problem whether a given graph has a dominating clique is NP-complete even for weakly chordal graphs (a graph G is weakly chordal iff G does not contain induced cycles C~ of length k > 5 and no complements ~ of such cycles). [14] and [15] investigate the dominating clique problem on strongly chordal and chordal graphs. A graph G is chordal iff it does not contain any induced cycle Ck of length k > 4. A graph G is strongly chordal iff it is chordal and each cycle in G of even length at least 6 has an odd chord (a chord xi, zj in a cycle C = (xi,..., x2k) of even length 2k is an odd chord if the distance in C between xi and zj is odd). Although for chordal graphs there is a simple criterion for the existence of dominating cliques the problem of finding a minimum (cardinality) dominating clique is NP-complete. In the ease of strongly chordal graphs the last problem is already polynomial-time solvable. *This work was partially supported by the VW-Stiftung Project No. 1/69041 e-mail address: dragan@university.moldova.su
Here we study the following generalized domination (r-domination) problem: Let (r(vl),..., r(v,)) be a sequence of non-negative integers which is given together with the input graph. For any two vertices u, v denote by dist(u, v) the length (i.e. number of edges) of a shortest path between u and v in G. A subset D C V is an r-dominating set in G iff for all v E V \ D there is a u E D with dist(u, v) < r (v) . It is an r-dominating clique in G iff D is additionally a clique.2 [9] investigates the r-dominating clique problem on Helly, chordal and dually chordal graphs. For the definition of dually chordal graphs see [5] . The condition for the existence of dominating cliques known from [15] on chordal graphs is shown to be valid also in more general case of r-domination in Helly graphs and in chordal graphs. Again the problem of finding a minimum r-dominating clique is NP-complete in Helly graphs and is linear-time solvable in dually chordal graphs (a superclass of strongly chordal graphs and subclass of tIelly graphs).
In this paper we investigate the r-dominating clique problem on distancehereditary graphs. A distance-hereditary graph is a connected graph in which every induced path is isometric. That is, the distance of any two vertices in an induced path equals their distance in the graph. These graphs were introduced by E.HoWORKA [13] , who gave first characterizations of distance-hereditary graphs. For instance, a connected graph G is distance-hereditary if and only if every circuit in G of length at least 5 has a pair of chords that cross each other. Evidently every distance-hereditary graph is weakly chordal. We show that the condition for the existence of r-dominating cliques known from [9] on Helly graphs and chordal graphs is still valid in the case of distance-hereditary graphs. Also we give efficient algorithms for the minimum r-dominating clique problem and some related problems (such as diameter, radius, central vertex, r-dominating by cliques and r-dominant clique) on these graphs.
As we already mentioned the minimum r-dominating clique problem is NPcomplete on chordal graphs and linear-time solvable in dually chordal graphs. Opposite to this problem the problems of r-dominating by cliques and r-dominant clique are NP-complete on dually chordal graphs and polynomial time solvable in chordal graphs (see [9] ). So, the obtained results show that the distancehereditary graphs possess advantages of both chordal and dually chordal classes of graphs.
Terminology and Basic Properties
We shall consider finite, simple loopless, undirected and connected graph G = (V, E), where V = {vl,..., v,} is the vertex set and E is the edge set of G, and we shall use more-or-less standard terminology from graph theory [10] . Several interesting characterizations of distance-hereditary graphs in terms of existence of particular kinds of vertices (leaves, twins) and in terms of metric and neighborhood properties, and forbidden configurations were provided by BANDELT and MULDEIr [2] , and by D'ATttI and MOSCAttINI [8] . Some algorithmic aspects are considered in [11] and [8] . The following propositions list the basic information on distance-hereditary graphs that is needed in the sequel. 
If the smaller sums are equal, then the largest one exceeds the smaller ones at most by 2. 
Existence of r-Dominating Cliques
In this section we give a simple criterion for the existence of an r-dominating clique in a given distance-hereditary graph. This criterion is the same as in Helly or in chordal graphs [9] . We say that a subset M of V has an r-dominating clique C ifffor every vertex
Theorem 1 *) Let G = (V, E) be a distance-hereditary graph with n-tuple (r(vl),..., r(v,)) of non-negative integers and M C_ V be any subset of V. Then M has an r-dominating clique C if and only if for every pair of vertices v, u G M, the inequality dist(v, u) < r(v) + r(u) + 1 holds. Moreover such a clique C can be determined within time O(IMt. IEI).
Proof: " ~" is obvious. 
N(v') N NK~i+I)(v,+I) = N(v") n Nr(~'+~)(vi+l).
So, there is at least one vertex ui+l such that X C N(ui+x) and dist(ui+l, vi+~) = r(-,+x).
Now consider a new clique C'U {ui+l }, where C' is a maximal (w.r.t. set inclusion) clique of graph < X >, containing the clique C f3 X if C n X ~ $. Next we show that C'U {ui+x} is an r-dominating clique for the vertices vl, ...,vi,v~+l. This will be a contradiction to the maximality of i.
Pick an arbitraxy index j, j < i, and let xj be a vertex from C with dist(zj, vj) < r(vj). The following cases may arise. 
DK"+~)+l(vi+l), DK'i)(vj), Dl(xi).
They are paJrwise intersecting. Again by Proposition 2 (1) there is ~ vertex z such that
dist(vi+l, z) = r(vi+l) + 1, dist(xj, z) + dist(z, ~3i+1) = dist(xj, vi+l) and dist(vj, z) < r(vj).
Since z G X vertices z and ui+l are adjacent. Also as in case (1) we can show that X C N(xj). 
Corollary 2 Let G be a distance-hereditary graph. Then G has a dominating clique if and only if diam(G) << 3.
Corollary 3 ([16]) For every distance-hereditary graph G we have diam(G) > 2radi(G) -2.
For the case of chordal graphs Corollary 2 initially occurs in [15] .
Minimum r-Dominating Cliques
Let 7r(G) = min{IDl: D an r-dominating set in G}, %-tuque(G) = min{IDI : D an r-dominating clique in G}. The problem dual to the minimum r-dominating clique problem is: for a given graph G with n- tuple (r(vl),..., r(v,) ) of nonnegative integers find a maximum cardinality vertex set P such that for all v,u E P dist(u,v) = r(u)+r(v)+l holds. We call such a set P a strict r-packing set of G and denote by rr(G) the cardinality of a maximum strict r-packing set. It is clear that for every graph G which has an r-dominating clique _< r,(G) _< 7r-~ holds but in general the parameters do not coincide. The next results show the coincidence of some of these parameters for distance-hereditary graphs that have an r-dominating clique.
We say that an r-dominating clique C is minimal iff for any vertex v E C the set C \ {v} is not r-dominating.
Theorem 2 Let G be a distance-hereditary graph which has an r-dominating chque for n-tuple (r(vl),..., r(Vn)) of non-negative integers, lf %-etique( G) > 1 then every minimal r-dominating clique of G is also a minimum one.
Corollary 4 Let G be a distance-hereditary graph which has an r-dominating clique for the n-tuple (r(vl),..., r(v,~)) of non-negative integers.
(1) If C is a minimal r-dom, clique of G and ICI # 2 then = ICl. Observe that a maximum strict r-packing set of a distance-hereditary graph G can be determined also within time O(IW I 9 ]El) (see Theorem 2) .
(2) # 2 then = (3) If 7rr(G) > 1 then 7r-ctique(G) = 7rr(G).
(4) =
Corollary 5 For every system of pairwise intersecting disks of a distancehereditary graph G there exists either a single verte~ or a pair of adjacent vertices that meet all disks of this system.
Now we are able to present an O(IV [ 9 IEI) algorithm for finding a minimum
As we will show in the next section, using the existence of special kinds of vertices (leaves and twins) in distance-hereditary graphs, one can construct a more efficient algorithm for these two problems.
Algorithm for Finding Minimum r-Dominating Cliques
As we already mentioned, every induced subgraph of distance-hereditaxy graph contains a leaf or a pair of twins. In the subsequent linear-time algorithm for the minimum r-dominating clique problem on distance-hereditary graphs these kinds of vertices turn out to be of importance.
Lemma I ([9]) Let x be a leaf in graph G and let y be its neighbor. Let also c -= = < v \ {,~} > and r(~) >_ 1. A clique C C_ V \ {~} is a minimum rdominating clique of graph G if C is a minimum r~-dominating clique of graph G -x with rl(v) = r(v) when v ~: y and r'(y) = min{r(y),r(x) -1}. In particular, the graph G has an r-dominating clique if and only if the graph G-x has an rl-dominating clique.
Instead of twins next we consider some of their generalizations. A homogeneous set of a graph G = (V, E) is a set of the vertices A such that every vertex in V \ A is adjacent to either all or none of the vertices of A. A proper homogeneous set is a homogeneous set A such that IA I < IV] -2. Observe that two vertices are twins if they form a homogeneous set of size 2. Evidently every vertex v E V \ A is equidistant from the vertices of a homogeneous set A.
Lemma 2 Let A C V be a proper homogeneous set of graph G, and x be a vertex of A with r(x) = min{r(y) : y E A}. Assume that either r(x) > 2, or r(x) = 1 and there exists a vertex v E V \ A with dist(v, x) > r(v). a clique C C V\AU{z} is a minimum r-dominating clique of graph G ifC is a minimum r-dominating clique of graph < V\AU{x} >. In particular, the graph G has an r-dominating clique if and only if the graph < V\AU{x} > has an r-dominating clique.
Lemma 3 Let x be a vertex of graph G such that N(x) forms a proper homogeneous set in G, and y be a vertex of N(z) with r(y) = minir(z) : z e N(x)}. Assume that r(x) > r(y). A clique C C V \ {z} is a minimum r-dominating clique of graph G if C is a minimum r-dominating clique of graph G -z. In particular, the graph G has an r-dominating clique if and only if the graph G-x has an r-dominating clique.
These lemmas will be used in the correctness proof of the subsequent algorithm which has a structure similar to the linear-time recognition algorithm presented in [11] for distance-hereditary graphs. stop with output "there is no r-dominating clique in G" (49) endif (50) endfor (51) endfor Output: A maximum strict r-packing set SP of G. (10) endfor (11) while W # ~ do (12) for an vertices 9 with Z(~) = i do (13) for all vertices y from N(x) r W do (14) hum ( 
r-Dominating by Cliques and r-Dominant Cliques
Since a graph does not necessarily have a dominating clique in [9] we consider the following weaker r-domination by cliques problem: Given a graph G = (V, E) with radius function (r(vl),..., r(vn)) of non-negative integers find a minimum number of cliques C1,..., Ck such that Uik=l Ci r-dominates G. Note that for the special ease r(vi) = 0 for all i E {1,..., n} this is the well-known problem clique partition.
Another problem closely related to that is to find a clique in G which rdominates a maximum number of vertices. We call this the r-dominant clique problem. For the special case r(vi) = 0 for all i E {1,..., n} this is again a well-known problem namely the maximum clique problem.
It is obvious that these two problems are NP-complete. The following results show that for distance-hereditary graphs the problems are solvable in polynomial time. This lemma together with Theorem 1 will be used in the following.
Theorem 6 The problem r-dominating by cliques is polynomial-time solvable on distance-hereditary graphs.
Theorem 7
The r-dominant clique problem is polynomial-time solvable on distance-hereditary graphs.
